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Abstract—This paper investigates the critical parameter
design technique for a cascaded H-Bridge (CHB) with se-
lective harmonic elimination (SHE)/compensation (SHC) for
single-phase systems. The critical parameters include the
filter inductance, the number of H-bridge cells, the dc-bus
voltage and the switching frequency. This paper derives
the relationship of electrical parameters, topologies, and
modulation techniques to the voltage/current harmonic
envelopes, and compares the filter inductor design for an
H-Bridge with sinusoidal pulsewidth modulation (SPWM),
an H-Bridge (HB) with SHE/SHC and a CHB with SHE/SHC.
Furthermore, a harmonic-envelope-based approach is de-
veloped to determine the optimum design parameters. The
developed approach designs the harmonic envelope with
two proposed criteria: the first one is the capacity criterion,
which guarantees that the fundamental and controllable
components are within the applicable solution range to
avoid overmodulation; the other one is the attenuation
criterion, which ensures that the uncontrollable harmonic
complies with the grid limit. Simulations and experiments
verified that a CHB designed with the proposed technique
can simultaneously fulfill the compensation objectives and
meet the harmonic limits.

Index Terms—Cascaded H-Bridge (CHB), compensation
capacity, critical parameter design, filter design, harmonic
analysis, harmonic attenuation requirement, selective har-
monic elimination (SHE), compensation (SHC).

I. INTRODUCTION

ACASCADED H-Bridge (CHB) with selective harmonic
elimination (SHE)/compensation (SHC) is a promising

candidate in modular high-power electronics applications, such
as grid-tied photovoltaic (PV) inverters, wind farms, and electric
vehicle charging stations[1]–[3]. A CHB with SHE can control
fundamental component to absorb/inject active power [4]–[8], to
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TABLE I
CRITICAL PARAMETERS IN A CHB CIRCUIT

compensate reactive power [5], [9] and to compensate the three-
phase unbalanced currents [10]. Furthermore, a CHB with SHC
can also inject the selected high-order harmonics to compensate
grid high-order harmonics [5], [11]–[13] as active power filters
(APFs).

Although all the objectives in [4]–[13] can be fulfilled, the
design of critical parameters, such as filter parameters, number
of cells, switching frequencies, and dc-bus voltages is obscure.
Existing techniques mainly focus on the parameter [14]–[17],
circuit structure [15] and the modeling [18] of the coupling filters
(for simplification, filters will be used to represent coupling
filters in the later part of the paper) between CHBs and the power
grid. Rockhill et al. [16] and Zabaleta et al. [17] investigate the
filter design based on switching frequencies in low-switching
frequency applications. However, the critical parameter design
also depends on circuit topologies and modulation techniques.
A new design procedure should be developed.

CHB circuits have more critical parameters to design than an
H-Bridge (HB) circuit, as given in Table I, so it is necessary to
investigate how each parameter influences the current/voltage
harmonics.

The output voltage of H-Bridge has harmonics. In this pa-
per controllable harmonics are defined as the harmonics whose
magnitude and phase can be controlled with the switching angles
of the staircase waveforms in SHE/SHC or with the modulation
reference signal in sinusoidal pulsewidth modulation (SPWM).
The fundamental is also controllable. Not all harmonics are
controllable due to the limited number of switching angles in
SHE/SHC or the limited switching frequency in SPWM. The
harmonics out of control are defined as uncontrollable harmon-
ics in this paper.

With SPWM, the closed-form expression for harmonics and
the required filter insertion loss can be derived [16], [19]. The
most critical harmonics which determine the filter design are
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close to the equivalent switching frequencies of the CHB and
the expression for their magnitudes has been derived. So, the
filter can be designed based on critical harmonics. However,
SHE/SHC is a numerical algorithm and only focuses on the
selected harmonics. All other harmonics are uncontrollable. The
uncontrollable harmonics are widespread in the spectrum, and
their magnitudes are unknown. As a result, the filter cannot be
easily designed.

Most literature such as [17] design filters based on trial-and-
error to meet the grid limit. But, this procedure is very time-
consuming and lacks the theoretical understanding of the filter,
as a result, the size/volume of the inverters is not optimized.

In the SHE/SHC of [8], [10]–[13], the uncontrollable current
harmonics cannot comply with the grid limit. For the SHE in [4]
and [7], only selective voltage harmonics are eliminated, and it is
uncertain if the currents resulted from the uncontrollable voltage
harmonics can meet the grid limit. For the SHE in [6], the filters
are overdesigned as all current harmonics are far below the grid
limit. Current mitigation techniques [9] can comply with the
grid limit, but the exhaustion method is used.

Another critical issue is that filter design mainly considers
how to attenuate the uncontrollable harmonics [14]–[18]. How-
ever, critical parameter design depends on not only the uncon-
trollable harmonics, but also controllable the fundamental and
harmonics. In this paper, the envelope of the fundamental and
controllable harmonics is defined as compensation capacity of
the CHB; and the filter’s attenuation to uncontrollable harmon-
ics is defined as attenuation ability. It is well known that a large
filter not only increases attenuation ability, but also decreases
the compensation capacity. Therefore, the design of the com-
pensation capacity and the design of the attenuation ability are
a dilemma. Other parameters such as switching frequency and
the number of cells must be considered in filter design, other-
wise it is difficult to meet both the compensation capacity and
attenuation ability requirement.

This paper explores the relationship of critical parameters,
topologies, and modulation techniques to the envelopes of volt-
age/current harmonics. Based on the harmonic envelope, the pa-
per developed a simple and straightforward technique to design
all critical circuit parameters for CHBs with SHE/SHC. With
the designed parameters, CHBs with SHE/SHC can meet both
compensation capacity and attenuation ability requirements.

The paper is organized as follows. Section II analyzes and
compares the harmonics of three different techniques: one
HB with SPWM, one HB with SHE/SHC, and a CHB with
SHE/SHC. Section III proposes two criteria for parameter de-
sign: The criterion for compensation capacity and the criterion
for attenuation ability. A design technique is developed for crit-
ical parameters to guarantee that the output currents can meet
both criteria. In Section IV, simulations and experiments are
conducted to verify that the parameters designed with the pro-
posed technique can fulfill the compensation capacity, and the
uncontrollable harmonics can meet the harmonic limits.

II. HARMONIC ANALYSIS AND COMPARISON

This section will analyze the voltage/current spectrum for
different topologies with different modulations. The harmonic

Fig. 1. Topology and modulation principle of an HB with SPWM.
(a) Circuit topology. (b) Modulation diagram.

envelope is critical in parameter design. Appropriate parameters
shall guarantee that the compensation capacity is large enough
(i.e., the envelope of the fundamental and controllable harmon-
ics should be greater than the reference of the voltage/current
of a CHB), and the attenuation ability is enough (i.e., the max-
imum uncontrollable harmonic is below the harmonic limits).
Because the compensation capacity is determined by the funda-
mental component and controllable harmonics, while the har-
monic attenuation requirement is determined by the magnitude
difference of the uncontrollable harmonics and the harmonic
limits, this section separates the whole frequency range into two
sections: the controllable harmonic frequency range which in-
cludes the fundamental frequency component and controllable
harmonics, and the uncontrollable harmonic frequency range.
Therefore, the controllable frequency range, the envelope of the
magnitude of the controllable harmonics and the envelope of the
magnitude of the uncontrollable harmonics will be investigated.

A. HB With SPWM technique

The topology and modulation principle of an HB with SPWM
are shown in Fig. 1. The harmonics of the output voltage can
be derived with dual Fourier analysis [19]. The modulation with
naturally sampled reference and double-edge carrier is given as
an example here. The output voltage of CHB is mostly deter-
mined by the modulation component and the sideband harmon-
ics of the carrier (switching) frequency as given by

vHB−SPWM (t) ≈ MVDC cos (ωm t)
︸ ︷︷ ︸

Modulation Component

+
2
π

VDC

∞
∑

n=−∞
J2n−1(πM) cos (nπ) cos ((2ωC + (2n−1)ωm )t)

︸ ︷︷ ︸

SideBand Harmonics

= vM HB−SPMW (t) + vH HB−SPWM(t) (1)

where n is the baseband index [16], which is related to the
sideband harmonics, M is the modulation index, VDC is the dc-
bus voltage of the HB, ωm is the modulation frequency which
could be equal to grid frequency ωg or a grid harmonic to be
controllable, ωC = Kωg is the carrier (switching) frequency,
and J2n−1(πM) is the Bessel function [19]. The sidebands of
switching harmonics are ignored in (1) as their magnitudes are
much smaller than that of fundamental switching frequency.

In (1) , vM HB−SPWM(t) = MVDCcos(ωm t) is the controllable
modulation component, and the magnitude |VM HB−SPWM| is
MVDC.M should be smaller than one. Also, vH HB−SPWM(t) =
2
π VDC

∑∞
n=−∞ J2n−1(πM) cos(nπ) cos((2ωC +(2n−1)ωm )t)
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is the uncontrollable sideband harmonics. Their frequencies
equal to 2ωC + (2n − 1)ωm . The magnitude represented
by |VH HB−SPWM| equals to 2VDC|J2n−1(πM)|/π. Because
|J2n−1(πM)| ≤ 0.5819 and it reaches the maximum value
when M = 0.5860 and n = 0 or 1, the frequencies of the
highest harmonics are ω = (2ωC − ωm ) and (2ωC + ωm )
[19]. The maximum magnitude is |VH HB − SPWM|max =
0.5819VDC × 2/π = 0.3704VDC.

Generally, when the controllable frequency range includes
not only ωg , but also the harmonics of ωg , the envelope of
the maximum voltage spectrum of all modulation conditions is
given by
{|VM HB−SPMW |max =VDC ω≤ωHB−SPWM−CPS (2)

|VH HB−SPWM |max =0.3704VDC ω=(2ωC ∓ ωm ) (3)

where ωHB−SPWM−CPS is the maximum controllable frequency
range. If single inductor LFLT is used as the filter, the current
envelope can be expressed as (4), (5) and (6) as shown at the
bottom of this page, where, IF HB−SPWM is the fundamental
current component, IM HB−SPWM is the controllable current har-
monic, IH HB−SPWM is the uncontrollable current harmonic, and
h = ωm /ωg is the harmonic order of grid frequency.

Because |J2n−1(πM)/(2ωC + (2n − 1)ωm )| reaches the
maximum when M = 0.5860 and n = 0, the maximum cur-
rent harmonic can be derived from (6)

|IH HB−SPWM |max = 0.3704VDC/(2ωC − ωm ) LFLT . (7)

Choose the base value as Vbase = VDC, Zbase = ωgLFLT, then
the per-unit voltage and current envelopes are given by (8)–(12),
respectively, as shown at the bottom of this page.

The controllable frequency range, ωHB−SPWM−CPS, is limited
by several factors, including the limitation derived from the sam-
pling theorem, the phase delay caused by modulation process
and the energy band of the uncontrollable harmonics [22]. A
common range employed in industrial applications is

ωHB−SPWM−CPS = ωC /5 = Kωg/5. (13)

Fig. 2. Per unit voltage and current spectrum envelopes of an HB with
SPWM (K = 15, ωm = ωg ).

As an example, the voltage and current envelopes are shown
in Fig. 2 with ωC = 15ωg . The solid lines represent the
controllable envelopes for voltage (black) and current (blue),
and they are calculated from (8) and (11). The dot lines rep-
resent the uncontrollable switching harmonics which should
be attenuated. As shown in (1), the maximum voltage mag-
nitude is 2VDC|J2n−1(πM)|/π for the harmonic at frequency
2ωC + (2n − 1)ωC . The maximum value of Bessel function
|J2+−1(πM)| with M≤ 1 can be calculated using MATLAB.
The envelope of the sideband harmonics looks asymmetrical
because x-axis is in log-scale.

It is assumed in (1) that modulation component has only one
frequency. For APFs which control multiple grid harmonics,
[20] derived the closed-form expression for sideband harmonics,
and proved that the highest magnitude of the uncontrollable
harmonics is smaller than (1). The sideband harmonics in (1)
are thus the worst scenario for filter design.

B. HB With SHE/SHC

The half-wave symmetry modulation is used as an example.
The topology and waveform are shown in Fig. 3. The switching
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=
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3ωg ≤ ωm ≤ ωHB−SPWM−CPS (5)
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πLFLT

∣

∣

∣

∣
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∣

∣

∣
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ω ≥ ωHB−SPWM−CPS (6)

{ |VM HB−SPMW |max
p = 1 ωm ≤ ωHB−SPWM−CPS (8)

|VH HB−SPWM |max
p = 0.3704 ω = (2ωC ∓ ωm ) (9)

⎧

⎪
⎪
⎨

⎪
⎪
⎩

|IF HB−SPMW |max
p = (VDC − Vg ) /VDC ωm = ωg (10)

|IM HB−SPMW |max
p = 1/h 3ωg ≤ ωm ≤ ωHB−SPWM−CPS (11)

|IH HB−SPWM |max
p = 0.3704/h ω = 2ωC − ωm . (12)
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Fig. 3. Topology and waveform of an HB with SHE/SHC modulation.
(a) Circuit topology. (b) Output voltage waveform.

frequency is Kωg . The maximum harmonic is derived (A9)

∣

∣VHB−SHE/C

∣

∣

max =

{

4VDC/π, h ≤ K

4KVDC/hπ, h ≥ K
. (14)

The envelope of the maximum output current with inductor
LFLT as a filter is, therefore

∣

∣IHB−SHE/C

∣

∣

max

=

⎧

⎪
⎪
⎨

⎪
⎪
⎩

[(4VDC/π) − Vg ]/ (ωgLFLT), h = 1

4VDC/(hπωgLFLT), 3 ≤ h < K

4KVDC
/(

h2πωgLFLT
)

, h ≥ K

. (15)

Similar to Section II-A, the base values are selected as
Vbase = VDC, Zbase = ωgLFLT. The per-unit voltage/current en-
velopes are

∣

∣VHB−SHE/C

∣

∣

max
p =

{

4/π, h < K

4K/(hπ), h ≥ K
(16)

∣

∣IHB−SHE/C

∣

∣

max
p =

⎧

⎪
⎪
⎨

⎪
⎪
⎩

4/π − Vg/VDC , h = 1

4/(hπ), 1 ≤ h < K

4K
/(

h2π
)

, h ≥ K

.

(17)

For the controllable frequency range, the total number of the
controllable harmonics of SHE/SHC equals to K. Because a fil-
ter has large attenuation in high-frequency range, to fully utilize
its attenuation ability, most applications choose low-frequency
harmonics as the controllable harmonics. The frequencies of
the controllable harmonics are ωg , 3ωg , . . . , (2K − 1)ωg . Even
order harmonics are zero because of half waveform symme-
try. The range of the controllable harmonics is, therefore,
[0, ωHB−SHE/C−CPS], where,

ωHB−SHE/C−C P S = 2Kωg . (18)

The voltage and current spectrum envelopes are shown in
Fig. 4 when K = 15 from (16) and (17).

C. CHB With SHE/SHC

The topology and waveform of a CHB with SHE/SHC is
shown in Fig. 5. Similar to Section II-B, the half-wave symmet-
rical modulation is used as an example. The maximum harmonic

Fig. 4. Per unit voltage and current spectrum envelopes of an HB with
SHE/SHC (K = 15).

Fig. 5. Topology and waveform of a CHB with SHE/SHC. (a) Circuit
topology. (b) Output voltage of each cell. (c) Overall output voltage
vC HB−SHE/C .

is derived in the Appendix as (A14)

∣

∣VCHB−SHE/C

∣

∣

max

= min
(

4KE

hπ
,
4NE

π

)

=

{

4NE/π, h < K/N

4KE/(hπ), h ≥ K/N

(19)

∣

∣ICHB−SHE/C

∣

∣

max

=

⎧

⎪
⎪
⎨

⎪
⎪
⎩

[(4NE/π) − Vg ]/ (ωgLFLT), h = 1

4NE/ (hπωgLFLT) , 3 ≤ h < K/N

4KE/
(

h2πωgLFLT
)

, h ≥ K/N

.

(20)
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Fig. 6. Per unit voltage and current spectrum envelopes of a CHB with
SHE/SHC. (a) N = 3, K = 15. (b) N = 15, K = 15 (staircase).

Choosing Vbase = NE,Zbase = ωgLFLT as base values, the
per-unit voltage and current envelopes are

∣

∣VCHB−SHE/C

∣

∣

max
p =

{

4/π, h < K/N
4K/(hπN), h ≥ K/N

(21)

∣

∣ICHB−SHE/C

∣

∣

max
p =

⎧

⎪
⎪
⎨

⎪
⎪
⎩

4/π − Vg/(NE), h = 1

4/(hπ), 3 ≤ h < K/N

4K
/(

h2πN
)

, h ≥ K/N

.

(22)

The controllable harmonic range is [0, ωC HB−SHE/ C−CPS], and
is determined by the number of switching transitions K

ωCHB−SHE/C−CPS = 2Kωg . (23)

Fig. 6 shows the envelopes of the voltage and current spectra
of a CHB with SHE/SHC. They are derived from (21) and (22).
The corner frequency is Kωg/N as shown by the harmonic order
in (21). When K = N , each HB switches only once within one
period. The modulation is known as staircase modulation and
the converter would reach the minimal switching loss.

D. Harmonic Comparison and the Features of an HB
With SPWM, SHE/SHC and a CHB With SHE/SHC

This section will compare the harmonics from different
topologies and different modulation techniques. Three fea-
tures of the harmonics are discussed: the controllable frequency
range, the maximum magnitude of controllable harmonics (in-
cluding the fundamental harmonics) and the maximum magni-
tude of the uncontrollable harmonics.

The voltage/current envelopes comparison is shown in Fig. 7
with K = 15 and NE = VDC. The solid curves represent the

Fig. 7. Comparison of the per unit harmonic envelopes when K = 15
and NE = VDC. (a) Voltage. (b) Current.

controllable envelopes, and the dot lines represent the harmonics
to be attenuated. Blue, black, red, and pink curves represent
different modulation techniques, as shown in Fig. 7.

If the three techniques in Sections III-A–III-C have the same
number of switching transitions K, the controllable frequency
range of different techniques can be calculated from (13), (18),
and (23). The comparison is shown as

ωCHB−SHE/C−CPS = ωCHB−SHE/C−CPS

= 10ωHB−SPWM−CPS = 2Kωg . (24)

Equation (24) indicates that the SHE/SHC can extend the
controllable frequency range to ten times of the SPWM.

For the magnitude of fundamental component, from (8), (16)
and (21), an HB or a CHB with SHE/SHC can achieve 127.39%
fundamental voltage of an HB with the SPWM technique.

For the voltage magnitude of controllable harmonics, the
CHB with SHE/SHC starts to decrease at −20 dB/dec after
corner frequency Kωg/N as shown in (21). In Fig. 7(a), the
blue, pink, and red sold curves show that depending on K/N , a
CHB with SHE/SHC can either increase controllable envelope
(the red one) or decrease controllable envelope (the pink one)
by changing the corner frequency Kωg/N . This indicates that
the voltage magnitudes of the controllable harmonics in a CHB
with SHE/SHC can be controlled by changing the number of
cascaded cells and the number of switching transitions.

For the current magnitudes of the uncontrollable harmonics,
Fig. 7(b) shows that a CHB with SHE/SHC has much lower
current harmonics than that of an HB with SPWM at the first
significant frequency. The first significant frequency here is de-
fined as the frequency at which the filter is designed based on its
harmonic attenuation requirement. In Fig. 7(b), for the HB with
SPWM, the first significant frequency is at 29th harmonic fre-
quency and for the CHB with SHE/SHC, it is the first significant
frequency is at 31st harmonic frequency. The pink (N = 15) and
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TABLE II
VOLTAGE/CURRENT COMPARISON

TABLE III
PARAMETERS OF THE NONLINEAR LOAD

red (N = 5) curves (CHBs with SHE/SHC) have 19.12 dB or
5.12 dB lower uncontrollable harmonics at the first significant
frequency than that of the blue curve (HB with SPWM).

The detailed comparison between three topologies and mod-
ulation methods is made in Table II. From Table II, a CHB
with SHE/SHC has adjustable controllable voltage magnitude,
the highest controllable frequency range and the lowest uncon-
trollable harmonics of the three. It, therefore, has great poten-
tial for four-quadrant converter, inverter, APF, and STATCOM
applications.

III. PARAMETER DESIGN FOR A CHB WITH SHE/SHC

This section will discuss the critical parameter design for
CHBs with SHE/SHC. The parameters include N,E,K, and
LFLT. As shown in Fig. 5, the maximum output voltage is NE,
which should be smaller than the maximum allowable voltage
Vmax which the grid can withstand. 4NE/π is the maximum
fundamental voltage and shall be larger than the rated output
peak voltage Vrated. So, NE is limited by a range as

πVrated/4 < NE < Vmax . (25)

Because N is an integer, and E is determined by battery
voltage, NE only has a few options within the range of (25).
The procedure of designing NE is similar to the design of VDC

in an HB. For a fixed NE, the selection of N and E depends on
voltage/power ratings, hardware cost, software complexity, etc.
If low uncontrollable harmonics is preferred, small E and large
N are always preferred as shown in (19).

The general voltage control principle for a CHB with
SHE/SHC is shown below based on divided frequency ranges
[11], where ω is harmonic frequency
⎧

⎪
⎪
⎨

⎪
⎪
⎩

ω ≤ ωCPS vCHB−SHE /C is controlled by
desired values

ωCPS < ω ≤ ωCTRL The voltage references are set as zero
ω > ωCTRL The harmonics are uncontrollable

where ωCPS is desired maximum compensation frequency, and
ωCTRL is maximum controllable frequency.

Equations (26)–(29) shall be satisfied to meet both the com-
pensation capacity criterion and harmonic limitation:

⎧

⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎩

h = 1,
∣

∣ICHB−SHE/C

∣

∣

max > IFUN

1 < h ≤ HCPS ,
∣

∣ICHB−SHE/C

∣

∣

max > IHAR

HCPS < h ≤ 2K, no requirement

h ≥ HCPS ,
∣

∣ICHB−SHE/C

∣

∣

max < ISTD

(26)

(27)

(28)

(29)

where IFUN and IHAR are the compensation capacity require-
ments for fundamental and harmonics, respectively, and ISTD is
the harmonic limitation; where HCPS = ωCPS/ωg , is the desired
maximum compensation harmonic order.

Substituting the first equation of (20) into (26), the maximum
inductance LFUN MAX for fundamental can be derived

LFUN MAX = (4NE/π − Vg )/(ωgIFUN) (30)

where Vg is peak value of grid voltage. As shown in Fig. 7(b), the
compensation capacity decreases from (K/N)ωg . To achieve
the maximum compensation capacity within [0,HCPSωg ] and
minimize uncontrollable harmonics, K should be chosen as

K = NHCPS . (31)

Substituting (31) into (23), the controllable range is
[0, 2NHCPSωg ], which is wider than the required compensa-
tion frequency range [0, HCPSωg ], which satisfies the frequency
condition of the general voltage control principle above.

As in (20), increasing LFLT decreases uncontrollable har-
monic and is good to meet the harmonic limitation, but also
decreases the compensation capacity. Therefore, harmonic
compensation capacity can be used to determine the upper limits
LCPS MAX of LFLT; harmonic limit can be used to determine
the lower limits LHAR MIN of the LFLT. In conclusion, any
LFLT ∈ [LHAR MIN,min(LFUN MAX, LCPS MAX)] can guarantee
that the output current satisfies (26)–(29). The design procedure
is shown in Fig. 8.

When LHAR MIN > min (LFUN MAX, LCPS MAX), LFLT has no
solutions. In this situation, changing LFLT can never satisfy the
compensation capacity and harmonic limitation simultaneously,
and redesigning other parameters is inevitable. From (22), in-
creasing N while keeping NE and K/N constant equivalently
increases K. This extends controllable frequency range and
keeps the current envelope unchanged. Therefore, LFUN MAX and
LCPS MAX are kept unchanged, and LHAR MIN is reduced because
the controllable frequency range is extended to higher frequen-
cies. In conclusion, increasing N while keeping NE and K/N
constant to satisfy LHAR MIN < min(LFUN MAX, LCPS MAX) is
a possible solution. From (22), increasing K only can either
increase LHAR MIN due to increased uncontrollable harmonics
magnitude, or decrease LHAR MIN due to the extended control-
lable frequency range. It does not change the compensation
capacity ( LCPS MAX unchanged). So, the relationship between
K and LHAR MIN is complicated as shown in Fig. 9. Therefore,
only increasing K is not recommended.

The detailed procedure to determine the critical parameters
is shown in Fig. 8. Compared with the conventional techniques,
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Fig. 8. Flow chart for parameter design. (a) Design flow chart.
(b) Illustration of LCPS MAX and LHAR MIN.

Fig. 9. Minimal inductance versus K to comply with IEEE 519.

the proposed guideline uses polylines to determine how each
parameter influences the output current. Moreover, using the
current envelope to decide the parameter boundary is quick and
straight-forward. The proposed guideline can easily identify the
issue if compensation capacity and harmonic limits cannot be
met at the same time. Iterations in Fig. 8(a) are only used to find
the optimized parameters when this issue happens.

LHAR MINs with different topologies and modulation tech-
niques as a function of K calculated from Fig. 8 are
compared in Fig. 9 for minimal filter size compari-
son. The design parameters are: VDC = NE = 240 V, IL =
20 A (14.15 A RMS value), the base value is Vbase =
240 V, Ibase = 20 A; Zbase Vbase /Ibase = 12 Ω. The harmonic

Fig. 10. Topologies and control blocks for simulations and experi-
ments. (a) CHB with SHE when works as an inverter. (b) Control di-
agram for a CHB with SHE. (c) CHB with SHC when works as an APF.
(d) Control diagram for a CHB with SHC.

limits are from IEEE 519. The curve of N Cell CHB starts at
K = N because each cell should switch at least once per funda-
mental period. Similarly, the curve of an HB with SPWM starts
at K = 5 because the controllable range starts at Kωg/5, which
should be larger than ωg , as in (13). Fig. 9 shows that increasing
N while keeping K unchanged can greatly reduce LHAR MIN.
When K is small, the relationship between K and LHAR MIN is
not monotonous. LHAR MIN of CHBs with SHE/SHC with large
N is much smaller than those of conventional HBs with SPWM
and single HBs with SHE/SHC.

IV. SIMULATION AND EXPERIMENT VERIFICATION

Simulations and experiments were conducted on an
110 V/60 Hz, 14 A system to validate the developed design
guideline for both CHB SHE and SHC applications. The cir-
cuit topology is shown in Fig. 10. Fig. 10(a) and (b) shows a
grid-tied CHB working as an inverter with SHE and its control
block. Fig. 10(c) shows a CHB working as an APF to compen-
sate the harmonics generated by nonlinear load on the grid and
to correct the grid power factor at the same time. Its control
block is in Fig. 10(d). Both the control blocks in Fig. 10(b) and
(d) are essentially the current mode control with an open-loop
control structure. Because the harmonic envelopes in Fig. 6 and
the design procedure in Fig. 8 are independent from the control
structures, the critical parameter design does not depend on the
control structures. It can be applied to voltage mode control,
too. Simulations were conducted in MATLAB Simulink. IEEE
519 harmonic limitation was used.

For the grid-tied inverter in Fig. 10(a), the maximum al-
lowable voltage Vmax , is limited by the both voltage rating of
devices and the standard requirements on the grid. For exam-
ple, NEC article 690.7(C) on solar PV systems requires that
for one- and two-family dwellings, the maximum PV system
voltage is limited to 600 V [21]. For a four-quadrant inverter,
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Fig. 11. Envelope of current spectrum to identify LHAR MIN.

the rated voltage Vrated should be larger than the sum of grid
voltage Vg and the voltage drop VL across the inductor. It is
assumed that the N ≤ 5 and K ≤ 30. As shown in Fig. 9, the
minimal impedance of inductor Lp

HAR MIN is 0.48 p.u. There-
fore, VL = 0.48 NE, and Vrated ≥ (Vg + 0.48 NE). From (25),
π( Vg + 0.48 NE)/4 < NE < 600, hence, 202 < NE < 600.
In the experiment, the voltage of single battery is 12 V, so
the number of batteries is between 16.8 and 50. In this pa-
per, the smallest possible NE = 240 V with 20 batteries was
used to reduce the magnitude of uncontrollable harmonics based
on (20) and to reduce the system cost. N = 5 and E = 48 V
i.e., four batteries in series for each cell. Based on (30),
LFUN M AX = 20.04 mH (0.63 p.u.). Because only fundamental
component need to be controllable for the inverter in Fig. 10(a),
HCPS = 1. From (31), K = 5. Based on the dashed current en-
velop tangent and below the IEEE 519 in Fig. 11, LHAR MIN can
be identified as 16.75 mH (0.53 p.u.). The LHAR MIN can also
be derived from Fig. 9. So, the range of LFTL is [16.75 mH,
20.04 mH]. The per unit range of ωgLFTL is [0.53, 0.63] with
Vbase = 240 V, Ibase = 20 A. Therefore, a 20 mH inductor can
meet the compensation capacity and harmonic requirement at
the same time.

The simulated waveforms are shown in Fig. 12. The funda-
mental peak current is 14

√
2 � 20 A, total harmonic distortion

(THD) is 1.16%, all the harmonics are below the limit of IEEE
519 and PF equals to 1.0.

Although a five-cell CHB is applied, the CHB voltage in
Fig. 12(a) is 9-level instead of the conventional 11-level. This
is because asymmetrical four-quadrant modulation technique
[5] was applied and in this modulation technique, the volt-
age of each cell can be either step-up or step-down within the
first quadrant, so the output voltages of two cells can be can-
celed due to its cascaded operation. However, this asymmetrical
modulation technique can greatly extend the modulation index
range [5].

In Fig. 12(a), even SHE is applied, low-frequency harmonic
Ig still exist. This is due to the distortion of Vg . Actual Vg is not
ideally sinusoidal. To make sure that simulations can predict the
actual grid currents, the Vg used in the simulations in Fig. 12(a)
is from the measured data in the experiments. In Fig. 12(a),
the third, fifth, and seventh components of Vg are 5.1 V, 2.4 V,
and 1.4 V, respectively. The calculated corresponding harmonic
currents are 0.15 A (0.7%), 0.04 A (0.2%), and 0.02 A (0.1%),
respectively. They match the simulation results in Fig. 12 well.

Fig. 12. Simulated results for a CHB with SHE (M = 0.9, N = 5, K =
5). (a) Waveforms. (b) Spectrum of grid current Ig .

Fig. 13 shows the simulated results for a conventional HB us-
ing SPWM. The parameters are similar to the CHB with SHE/C
case: VDC = 240 V, switching frequency is 5fg ,M = 0.90 and
LFLT = 20 mH. None of the THD and harmonics meet the grid
limit. Moreover, Fig. 9 shows that an HB with SPWM re-
quires LHAR MIN = 35.7 mH, which is larger than LFUN M AX =
20.04 mH. As shown in Fig. 13, the current cannot comply with
the grid limit and is not applicable for the application.

The comparison between Figs. 12 and 13 validates that
with the given parameters (NE = VDC = 240 V,KC HB−SHE =
KHB−SPWM = 5, LC HB = LHB = 20 mH), the CHB with SHE
has smaller harmonics than those generated by the HB with
SPWM. Fig. 9 also illustrates that the HB with SPWM requires
to increase the switching frequency to at least 74fg (4440 Hz)
with the same inductance 20 mH to comply with the grid limit.
Therefore, for applications requiring low-switching frequency
and high-power density, multilevel converters with SHE is a
promising technique. This conclusion is obvious. Figs. 12 and
13 verified Fig. 9.

As shown in Fig. 13, the major harmonics locate around
10ωg due to the sideband harmonics of vHB−SPWM. From (1),
the 7th, 9th, 11th, 13th harmonic of VC HB can be calculated
as 42 V, 61 V, 61 V, and 42 V, respectively. Therefore, the
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Fig. 13. Simulated results for an HB with SPWM (with M = 0.9, fsw =
5fg ). (a) Waveforms. (b) Spectrum of grid current Ig .

Fig. 14. Experimental results for a CHB with SHE (M = 0.9, N =
5, K = 5). (a) Waveforms. (b) Spectrum of grid current Ig .

corresponding currents are 0.8 A (4%), 0.9 A (4.5%), 0.7 A
(3.5%), and 0.4 A (2%). The simulation matches the calculation
with only 0.5% difference. Other harmonics above 13th of Ig

are relatively small, and they are caused by both the grid voltage
distortions and the sideband harmonics of VC HB.

Fig. 14 shows the experimental results corresponding to
Fig. 12. The simulated and experimental results match well,
and the differences between the simulated and measured of
each order of harmonics are within 0.8%. These differences can
be caused by the inaccuracy of switching angles, the battery
voltages’ fluctuation, the nonlinearity of the inductor, and the
harmonics of Vg . Zhao and Wang [20] and Moeini et al. [23]

Fig. 15. Current spectrum envelopes with different parameters to iden-
tify LCPS MAX and LHAR MIN. (a). N = 5, K = 15. (b) N = 5, K = 5. (c)N
= 5, K = 30. (d) N = 3, K = 15.

derives the analytical solution to explain how the variation of
each parameter would affect the output current. Because the
current harmonics generated by the nonideality above are low,
and they can be compensated actively [11], [12], the effects of
nonideality on the parameter design are not discussed in the
paper.

Experimental results corresponding to the HB with SPWM
are not given because this paper mainly focuses on the critical
parameter design for the CHB with SHE/SHC.

Fig. 10(b) is an APF application to compensate the third-
and fifth-order harmonics. The compensation capacity is
30% of the rated system current, IFUN = ICPS = 0.3 Irate =
6 A (RMS value 4.23 A). The critical parameters were designed
based on the flowchart in Fig. 8: NE = 240 V based on (25);
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Fig. 16. Hardware prototype of a CHB when works as an APF.

Fig. 17. Simulation results for the single-phase APF (N = 5, K = 15).
(a) Waveforms. (b) Spectrum of nonlinear load current INL . (c) Spectrum
of grid current Ig .

the maximum N is 5, E = 48 V; because HCPS = 3,K = 15.
LFUN M AX = 66.3 mH (2.08 p.u.) based on (30); LCPS M AX =
44.6 mH (1.39 p.u.) and LHAR-MIN = 32.6 mH (1.02 p.u.) can
be derived based on Fig. 15(a). The range of the inductor is
LFTL ∈ [32.6 mH, 44.6 mH] , ωgLFTL ∈ [1.02, 1.39] p.u. with
Vbase = 240 V, Ibase = 20 A. 35 mH is selected. Fig. 16 shows
the hardware prototype corresponding to Fig. 10(c). Fig. 17
shows the simulation results. Fig. 15(b)–(d) illustrate that if pa-
rameters are not designed with the proposed guideline, adjusting
inductance LFLT may never meet the compensation capacity and
harmonic limits simultaneously. In Fig. 15(b), N is unchanged
while K is decreased; in Fig. 15(c), N is unchanged while K

Fig. 18. Experimental results for the single-phase APF (N = 5, K =
15). (a) Waveforms. (b) Spectrum of nonlinear load current INL .
(c) Spectrum of grid current Ig .

is doubled; in Fig. 15(d), K is the unchanged while N is de-
creased. In these cases, LCPS M AX is smaller than LHAR MIN, so
adjusting LFLT can never meet the compensation capacity and
harmonic limits simultaneously. The effect of increasing N is
not discussed in this paper because it is assumed that N has a
limit.

With the APF design, the power factor is improved from
0.94 (lagging) to 0.99 (lagging); the third harmonic is reduced
from 13.2% to 0.5%; and the THD is reduced from 14.57% to
3.86%. Furthermore, after compensation, both the controllable
harmonics and the uncontrollable harmonics are below the grid
limit, which proves that the proposed design technique can meet
both the compensation and attenuation requirements. In Fig. 17,
the third and fifth harmonics still exist because of the distortion
on Vg . Uncontrollable harmonics still exist.

The proposed technique is further validated in experiments. A
five-cell four-quadrant CHB converter is developed in Fig. 16.
A TMS320F28335 DSP with a CPLD EP2C5T144C8 are used
as the controller in the prototype. The experimental waveforms
were recorded with an Rigol MSO 4504 digital oscilloscope.
Fig. 18 matches Fig. 17, which further validates that the APF
designed with the proposed technique is effective and can meet
both the compensation and attenuation requirements.

V. CONCLUSION

A critical parameter design technique for a CHB with
SHE/SHC was developed in this paper. The contributions of
this paper are as follows.

1) The influence of the critical parameters, topologies and
modulation techniques to the harmonic envelope was an-
alyzed. The controllable frequency range and the mag-
nitudes of the fundamental, controllable harmonics, and
uncontrollable harmonics are explored.

2) The minimal filter inductances for an H-Bridge with
SPWM, an H-Bridge (HB) with SHE/SHC and a CHB
with SHE/SHC have been compared.

3) Both the compensation and attenuation requirements are
incorporated in the proposed design.
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4) The design procedure is based on the harmonic envelope,
which is simple and intuitive and can be used to evaluate
the minimal filter.

5) The design technique can be applied to both invert-
ers/converters and APFs, and has been verified by both
simulations and experiments.

APPENDIX

MAXIMUM VOLTAGE OF A HB AND A

CHB CIRCUIT WITH SHE/SHC

A. HB With SHE/SHC

The topology and waveform are shown in Fig. 3, and the
equation of the time domain waveform is given by

vHB−SHE/C (t)

=

⎧

⎨

⎩

VDC , θ1 < ωt < θ2 , . . . , θ2K−1 < ωt < θ2K , . . .
0, 0 < ωt < θ1 , . . . , θ2 < ωt < π + θ2K−1 , . . .
−VDC , π + θ1 < ωt < π + θ2 , . . .

.

(A1)

The voltage spectrum envelope can be derived with Fourier
series as shown

vHB−SHE/C (t) =
∞

∑

h=1

(

aHB−SHE/C−h cos (hωg t)

+ bHB−SHE/C−h sin (hωg t)
)

=
∞

∑

h=1

cHB−SHE/C−h cos (hωg t + θh) (A2)

⎧

⎨

⎩

aHB−SHE/C−h =2/Tg ×
∫ Tg

0 vHB−SHE/C (t) cos (hωg t) dt

bHB−SHE/C−h =2/Tg ×
∫ Tg

0 vHB−SHE/C (t) sin (hωg t) dt

(A3)

where aHB−SHE−h and bHB−SHE−h are the magnitudes of cosine
and sine components of the hth order voltage harmonic, respec-
tively; cHB−SHE/C−h and θh are the magnitude and phase of the
hth order voltage harmonic, respectively.

The value of cHB−SHE/C−h can be calculated by

cHB−SHE/C−h =2/Tg ×
∫ Tg

0
vHB−SHE/C (t) cos (hωg t+θh) dt

(A4)
The envelope of the maximum voltage is given by

∣

∣cHB−SHE/C−h

∣

∣ ≤ 2/Tg

×
∫ Tg

0

∣

∣vHB−SHE/C (t)
∣

∣ |cos (hωg t + θh)| dt

≤ 2
Tg

VDC

∫ Tg

0
|cos (hωg t + θh)| dt =

4VDC

π
. (A5)

On the other hand, substituting (A1) to (A3), aHB−SHE/C−h

and bHB−SHE/C−h of Fourier series can be calculated as
⎧

⎪
⎨

⎪
⎩

aHB−SHE/C−h = − 2VD C
πh

(
∑K

i=1 (sin (hθir ) − sin (hθif ))
)

bHB−SHE/C−h =
2VDC

πh

(
∑K

i=1 (cos (hθir ) − cos (hθif ))
)

(A6)
where θir is the angle of the ith rising edge and θif is the angle
of the ith falling edge.

If VHB−SHE/C−h is defined as a complex voltage as

VHB−SHE/C−h = bHB−SHE/C−h + jaHB−SHE/C−h

=
2VDC

πh

⎛

⎜

⎜

⎝

K
∑

i=1
(cos (hθir ) − j sin (hθir ))

−
K
∑

i=1
(cos (hθif ) − j sin (hθif ))

⎞

⎟

⎟

⎠
.

=
2VDC

πh

K
∑

i=1

(

e−jhθi r − e−jhθi f
)

(A7)

The envelope of the maximum magnitude of |VHB−SHE/C−h |
is given by

∣

∣VHB−SHE/C−h

∣

∣ ≤ 2VDC

πh

K
∑

i=1

(∣

∣e−jhθi r
∣

∣ +
∣

∣e−jhθi f
∣

∣

)

≤ 4VDCK

πh
. (A8)

The equality holds and only holds when hθ1r =
hθ2r + 2kπ = . . . = hθK r + 2kπ = hθ1f + kπ = hθ2f + kπ
= . . . = hθK f + kπ.

The harmonic order boundary between constraints (A5) and
(A8) can be derived by equating (A5) and (A8). It is found as
h = K. The maximum voltage is, therefore, given by,

∣

∣VHB−SHE/C

∣

∣

max =

{

4VDC/π, h ≤ K

4KVDC/hπ, h ≥ K
. (A9)

B. CHB With SHE/SHC

As shown in Fig. 5 , the dc-bus voltage is E and the number
of the cells is N , the CHB’s maximum dc-output voltage is NE.

Similar to (A4), the magnitude of cC HB−SHE/C−h is

cCHB−SHE/C−h = 2/Tg

×
∫ Tg

0
vCHB−SHE/C (t) cos (hωg t + θh) dt

(A10)

The maximum value is limited by dc voltage limits
∣

∣cCHB−SHE/C−h

∣

∣ ≤ 4NE/π. (A11)

If the total number of switching transitions in half fundamen-
tal period is K, similar to (A7), the complex voltage is

VCHB−SHE/C−h =
2E

πh

K
∑

i=1

(

e−jhθi r − e−jhθi f
)

. (A12)
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Similar to (A8), the envelope of the output voltage of CHB is
∣

∣VCHB−SHE/C

∣

∣ ≤ 4KE/(hπ). (A13)

The voltage is limited by both (A12) and (A13), the maximum
voltage is, therefore, given by
∣

∣VCHB−SHE/C

∣

∣

max

= min
(

4KE

hπ
,
4NE

π

)

=

{

4NE/π, h < K/N

4KE/(hπ), h ≥ K/N
.

(A14)
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